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ABSTRACT

Lorem ipsum dolor sit amet, consectetuer adipiscing elit. Etiam lobortis facilisis sem.
Nullam nec mi et neque pharetra sollicitudin. Praesent imperdiet mi nec ante. Donec
ullamcorper, felis non sodales commodo, lectus velit ultrices augue, a dignissim nibh
lectus placerat pede. Vivamus nunc nunc, molestie ut, ultricies vel, semper in, velit.
Ut porttitor. Praesent in sapien. Lorem ipsum dolor sit amet, consectetuer adipiscing
elit. Duis fringilla tristique neque. Sed interdum libero ut metus. Pellentesque
placerat. Nam rutrum augue a leo. Morbi sed elit sit amet ante lobortis sollicitudin.
Praesent blandit blandit mauris. Praesent lectus tellus, aliquet aliquam, luctus a,
egestas a, turpis. Mauris lacinia lorem sit amet ipsum. Nunc quis urna dictum turpis

acculimnsan semper.
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Chapter 1

Introduction

1.1 Background

Lorem ipsum dolor sit amet, consectetuer adipiscing elit. Etiam lobortis facilisis sem.
Nullam nec mi et neque pharetra sollicitudin. Praesent imperdiet mi nec ante. Donec
ullamcorper, felis non sodales commodo, lectus velit ultrices augue, a dignissim nibh
lectus placerat pede. Vivamus nunc nunc, molestie ut, ultricies vel, semper in, velit.
Ut porttitor. Praesent in sapien. Lorem ipsum dolor sit amet, consectetuer adipiscing
elit. Duis fringilla tristique neque. Sed interdum libero ut metus. Pellentesque
placerat. Nam rutrum augue a leo. Morbi sed elit sit amet ante lobortis sollicitudin.
Praesent blandit blandit mauris. Praesent lectus tellus, aliquet aliquam, luctus a,
egestas a, turpis. Mauris lacinia lorem sit amet ipsum. Nunc quis urna dictum turpis
accumsan semper.

Lorem ipsum dolor sit amet, consectetuer adipiscing elit. Etiam lobortis facilisis

sem. Nullam nec mi et neque pharetra sollicitudin. Praesent imperdiet mi nec ante.



Donec ullamcorper, felis non sodales commodo, lectus velit ultrices augue, a dignissim
nibh lectus placerat pede. Vivamus nunc nunc, molestie ut, ultricies vel, semper in,
velit. Ut porttitor. Praesent in sapien. Lorem ipsum dolor sit amet, consectetuer
adipiscing elit. Duis fringilla tristique neque. Sed interdum libero ut metus. Pel-
lentesque placerat. Nam rutrum augue a leo. Morbi sed elit sit amet ante lobortis
sollicitudin. Praesent blandit blandit mauris. Praesent lectus tellus, aliquet aliquam,
luctus a, egestas a, turpis. Mauris lacinia lorem sit amet ipsum. Nunc quis urna
dictum turpis accumsan semper.

Lorem ipsum dolor sit amet, consectetuer adipiscing elit. Etiam lobortis facilisis
sem. Nullam nec mi et neque pharetra sollicitudin. Praesent imperdiet mi nec ante.
Donec ullamcorper, felis non sodales commodo, lectus velit ultrices augue, a dignissim
nibh lectus placerat pede. Vivamus nunc nunc, molestie ut, ultricies vel, semper in,
velit. Ut porttitor. Praesent in sapien. Lorem ipsum dolor sit amet, consectetuer
adipiscing elit. Duis fringilla tristique neque. Sed interdum libero ut metus. Pel-
lentesque placerat. Nam rutrum augue a leo. Morbi sed elit sit amet ante lobortis
sollicitudin. Praesent blandit blandit mauris. Praesent lectus tellus, aliquet aliquam,
luctus a, egestas a, turpis. Mauris lacinia lorem sit amet ipsum. Nunc quis urna
dictum turpis accumsan semper.

Lorem ipsum dolor sit amet, consectetuer adipiscing elit. Etiam lobortis facilisis
sem. Nullam nec mi et neque pharetra sollicitudin. Praesent imperdiet mi nec ante.
Donec ullamcorper, felis non sodales commodo, lectus velit ultrices augue, a dignissim
nibh lectus placerat pede. Vivamus nunc nunc, molestie ut, ultricies vel, semper in,
velit. Ut porttitor. Praesent in sapien. Lorem ipsum dolor sit amet, consectetuer
adipiscing elit. Duis fringilla tristique neque. Sed interdum libero ut metus. Pel-

lentesque placerat. Nam rutrum augue a leo. Morbi sed elit sit amet ante lobortis



sollicitudin. Praesent blandit blandit mauris. Praesent lectus tellus, aliquet aliquam,
luctus a, egestas a, turpis. Mauris lacinia lorem sit amet ipsum. Nunc quis urna
dictum turpis accumsan semper.

Lorem ipsum dolor sit amet, consectetuer adipiscing elit. Etiam lobortis facilisis
sem. Nullam nec mi et neque pharetra sollicitudin. Praesent imperdiet mi nec ante.
Donec ullamcorper, felis non sodales commodo, lectus velit ultrices augue, a dignissim
nibh lectus placerat pede. Vivamus nunc nunc, molestie ut, ultricies vel, semper in,
velit. Ut porttitor. Praesent in sapien. Lorem ipsum dolor sit amet, consectetuer
adipiscing elit. Duis fringilla tristique neque. Sed interdum libero ut metus. Pel-
lentesque placerat. Nam rutrum augue a leo. Morbi sed elit sit amet ante lobortis
sollicitudin. Praesent blandit blandit mauris. Praesent lectus tellus, aliquet aliquam,
luctus a, egestas a, turpis. Mauris lacinia lorem sit amet ipsum. Nunc quis urna

dictum turpis accumsan semper.

1.2 Outline of the Dissertation

This dissertation is organized as follows: In Chapter [2, Lorem ipsum dolor sit amet,
consectetuer adipiscing elit. Etiam lobortis facilisis sem. Nullam nec mi et neque
pharetra sollicitudin. Praesent imperdiet mi nec ante. Donec ullamcorper, felis non
sodales commodo, lectus velit ultrices augue, a dignissim nibh lectus placerat pede.
Vivamus nunc nunc, molestie ut, ultricies vel, semper in, velit. Ut porttitor. Praesent
in sapien. Lorem ipsum dolor sit amet, consectetuer adipiscing elit. Duis fringilla
tristique neque. Sed interdum libero ut metus. Pellentesque placerat. Nam rutrum

augue a leo. Morbi sed elit sit amet ante lobortis sollicitudin. Praesent blandit blandit



mauris. Praesent lectus tellus, aliquet aliquam, luctus a, egestas a, turpis. Mauris
lacinia lorem sit amet ipsum. Nunc quis urna dictum turpis accumsan semper. .
We summarize and discuss the research impact of the proposed approaches in

Chapter
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Chapter 2

Another Complicated Title

2.1 Introduction

Lorem ipsum dolor sit amet, consectetuer adipiscing elit. Etiam lobortis facilisis sem.
Nullam nec mi et neque pharetra sollicitudin. Praesent imperdiet mi nec ante. Donec
ullamcorper, felis non sodales commodo, lectus velit ultrices augue, a dignissim nibh
lectus placerat pede. Vivamus nunc nunc, molestie ut, ultricies vel, semper in, velit.
Ut porttitor. Praesent in sapien. Lorem ipsum dolor sit amet, consectetuer adipiscing
elit. Duis fringilla tristique neque. Sed interdum libero ut metus. Pellentesque
placerat. Nam rutrum augue a leo. Morbi sed elit sit amet ante lobortis sollicitudin.
Praesent blandit blandit mauris. Praesent lectus tellus, aliquet aliquam, luctus a,
egestas a, turpis. Mauris lacinia lorem sit amet ipsum. Nunc quis urna dictum turpis

acculnsan semper.



Chapter 3

Conclusion

Lorem ipsum dolor sit amet, consectetuer adipiscing elit. Etiam lobortis facilisis sem.
Nullam nec mi et neque pharetra sollicitudin. Praesent imperdiet mi nec ante. Donec
ullamcorper, felis non sodales commodo, lectus velit ultrices augue, a dignissim nibh
lectus placerat pede. Vivamus nunc nunc, molestie ut, ultricies vel, semper in, velit.
Ut porttitor. Praesent in sapien. Lorem ipsum dolor sit amet, consectetuer adipiscing
elit. Duis fringilla tristique neque. Sed interdum libero ut metus. Pellentesque
placerat. Nam rutrum augue a leo. Morbi sed elit sit amet ante lobortis sollicitudin.
Praesent blandit blandit mauris. Praesent lectus tellus, aliquet aliquam, luctus a,
egestas a, turpis. Mauris lacinia lorem sit amet ipsum. Nunc quis urna dictum turpis

acculmnsan semper.



Appendix A

Complicated Math Derivations

A.1 Addition

Here, we derive how the decimal representations of % can sum to 1. Specifically,

1 1 1
=111 Al
37373 (A1)

£0.333...40.333...+0.333.... (A.2)

The real numbers, called R, is defined to be a set with the following properties.

1. R is a field. That means that for any x and y in R, we can form the sum x + ,
take additive inverses —x, take products xy, and take multiplicative inverses
1/z as long as z is not zero. The definition of a field holds that addition
and multiplication satisfy all the usual properties: commutative, associative,
distributive, etc. And there are special elements 1 and 0 so that 0 + x = = and

lx = z.



2. There is a total ordering on R. That means that for any z and y in R, either
x < yory < x. Ifboth conditions hold, then x = y. The total ordering satisfies

the following properties:

o lfzx <y thenz+z2<y+z

e If x >0 and y > 0, then xy >=0

3. The Dedekind completeness properties. Here, we need a definition. Given a
nonempty subset S C R, z is an upper bound for S if for every z € S, z < z.
Property 3 states that for any nonempty subset of S that has an upper bound,
S, it also has a least upper bound, which we denote as w. That means that if

z < w and z is also an upper bound for S, then z = w.

Now, let f(n) be a real-valued function on the integers. Then the statement
lim,, . f(n) = a means that for any real number e such that e > 0, there exists an
integer M > 0 such that if n > M, then |f(n) —a| <e.

Here is a short proof that if lim, ,., f(n) = a and lim,_, f(n) = b, then a = b.
Suppose the contrary, so that a — b # 0. Then, by the definition of the limit, we can
choose integers M; and M, so that if n > Mj, then |f(n) — a| < %2, and if n > My,
then |f(n) —b] < %5%. Choose n to be larger than both M; and M,. Then, we have a
contradiction, for the conditions |f(n) — a| < %2, and |f(n) — b] < %2, cannot both
be simultaneously satisfied.

Now we get into decimals. Let f be a function from the integers (denoted by Z)
into the set of symbols {0,1,2,3,4,5,6,7,8,9}, with the following property: for some
MeZ,M >0, f(n)=0if M > n. Such a function f is a decimal representation.

For a decimal representation f, we can define the partial sum P(n) as follows:



P(n) is the finite sum

FM)10M + f(M — D)10M " .. 4 f(—n)107™. (A.3)

We can finally define the value of f to be lim,_,, P(n), should this limit exist.
Here is why the limit exists. The sequence P(n) is a Cauchy sequence, which
means that lim,, .., P(n) — P(n + k) — 0 for k£ > 0. We can see that as follows.

Given € > 0, choose n such that 10—n < €. Then,

P(n) = P(n4+k)=f(—n—1D10" ... 4 f(—n - 110" F <10™.  (A4)

Hence the sequence P(n) has an upper bound, and, thus, a least upper bound. It
should be easy to see that this least upper bound is the limit of the P(n) sequence.

Now, we have enough of a foundation to prove 0.333...40.333...+0.333... = 1.
Expressed rigorously, 0.999... is the decimal representation given by f(n) = 0 if
M >0, and f(n) =9if M <0. P(n) is defined similarly.

Proof: First, we show that 1 is an upper bound for P(n) inductively, by showing
that 1 — P(n) = 107". For n = 0, P(n) is the one term sum 0, and 1 — 0 = 10°.
Now suppose the result is true for some n = k, and we want to show the result for

n=k+1. P(k+1)= P(k)+9(107%1), so

1—-Pk+1)=1—P(k)—9(107%1) (A.5)
=10"% —9(107 %) (A.6)
= 1071 (A7)

10



Since 1 — P(n) > 0 for all integers n, 1 is an upper bound for P(n).

To show P(n) is a least upper bound, consider the real number 1 — € for some
e > 0. Choose n so that 107" < €. Then, P(n) > 1 — € by the result of the previous
paragraph; hence 1 — e cannot be an upper bound for P(n). Thus, 1 is the least upper
bound for P(n) and 0.999...=1. Q.E.D.
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